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An equation was derived relating the normal spectral emittance of an optically inhonio- 
geneous, partially transmitting coating applied over an opaque substrate to the thickness 
and optical properties of the coating and the reflectance of the substrate at the coating- 
substrate interface. 

1. Introduction 

The 45° to 0° luminous daylight reflectance of a composite specimen comprising a partially 
transparent, spectrally nonselective, light-scattering coating applied to a completely opaque 
(nontransmitting) substrate, can be computed from the reflectance of the substrate, the thick- 
ness of the coating and the reflectivity and coefficient of scatter of the coating material. The 
equations derived for these conditions have been found by experience [1, 2] 1 to be of considerable 
practical usefulness, even though several factors are known to exist in real materials that were 
not considered in the derivation. For instance, porcelain enamels and glossy paints have 
significant specular reflectance at the coating-air interface, and no real coating is truly spectrally 
nonselective. 

The optical properties of a material vary with wavelength, but in the derivation of the 
equations referred to above, they are considered to be independent of wavelength over the rather 
narrow wavelength band encompassing visible light. The condition of spectral nonselectivity 
is met sufficiently well by a number of materials to permit use of the pertinent equations with but 
a single set of optical properties for visible light. Over the enormously wider range of wave- 
lengths within which the emission and absorption of radiant energy are important, few if any 
materials are sufficiently nonselective to permit use of the pertinent equations with a single 
set of optical properties applicable to all wavelengths. Hence the optical properties as a 
function of wavelength are required for computation of wide-range spectral reflectance or 
emittance of such composite specimens. 

The present study was undertaken to derive an equation relating the spectral reflectance 
(or emittance) of a composite specimen comprised of a partially transmitting, light-scattering 
coating applied to a completely opaque (nontransmitting) substrate, from the thickness of 
the coating and the spectral optical properties of the coating and substrate. 

2. Review of the Literature 

The relationship between the thickness and reflectance of a layer of light-scattering ma- 
terials as a function of the optical constants of the material was developed by Kubelka and 
Munk [3]. Judd [1] developed graphical methods for the solution of the Kubelka-Munk 
equation, and demonstrated that it was useful in studying real materials which departed 
somewhat from the ideal material postulated in development of the equation. Kubelka [4] 
derived more exact equations in a form that was capable of relatively easy solution. In all of 
these cases, the materials considered were assumed to be spectrally nonselective, so that a single 
value of each optical constant could be used throughout the visible range of wavelengths. 

Gardon [5] considered the case of an optically homogeneous material with a three-dimen- 
sional analysis. Hamaker [6] and Klein [7] worked with powders, which may be considered 
as a special case of optically inhomogeneous (light-scattering) materials, and derived equations 
for computing heat transfer by radiation in powders. In these cases a single value applicable 
to total blackbody radiation was used for each optical property. 

* This work was sponsored and financed by the George C. Marshall Space Flight Center of NASA. 
1 Figures in brackets Indicate the literature references at the end of this paper. 
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Saunderson [9] worked with partially transmitting plastics, and used equations for trans- 
mittance and reflectance derived by Kubelka and Munk [3], that are similar but not identical 
to those of Klein [7]. However, he did incorporate a correction for the specular reflection at 
the plastic-air interface. 

3. Derivation of Equation 

Because of the relationships 

A+T+R=l, (1) 

in which ^l=absorptance, T= transmittance, and R= reflectance, and KirchofPs law, 

A=E, (2) 

in which E is emittance, 2 it is possible to compute emittance from reflectance for completely 
opaque specimens. This method will therefore be used, because of its simplicity as compared 
to the approach used by Gardon [5]. 

Consider a flux of completely diffuse radiant energy, incident in uniform geometric distri- 
bution over the entire area of an optically flat layer of inhomogeneous isotropic dielectric 
material having infinite area and uniform thickness. Upon attainment of a steady state condi- 
tion, the incident flux that is not reflected at the surface will penetrate into the material, di- 
minishing with the depth of penetration, the amount of diminution at any internal plane parallel 
to the surface being a function only of the distance of the plane from the surface. 

Attenuation of the inward-bound diffuse flux will result from absorption of radiant energy 
within the specimen, and from backscattering by the dispersed particles in the material. The 
backscattered flux will proceed as completely diffuse flux propagated in a direction normal to 
the surface outward through the coating. In both cases, the radiant flux lost by lateral scatter- 
ing will be compensated by an equal gain through similar scattering from adjoining portions of 
the specimen. The outward-bound flux will also be attenuated by absorption and back- 
scattering. This backscattered flux will reinforce the incoming flux. 

Under the postulated conditions, a one-dimensional mathematical anatysis can describe 
the variation in diffuse radiant flux density along a line normal to the surface, due to absorption 
and scattering within the material, as a function of distance from the coating-substrate interface. 

In using the one-dimensional analysis, the diffuse radiant flux traversing unit area normal 
to the direction of propagation is considered as being made up of two directionally opposed 
portions, one /, outward from the interior of the specimen and normal to the flat surface, and the 
other J, in the opposite inward direction. A spectral absorption coefficient, K, is defined by 
equating KIdx to the reduction in / by absorption within a layer of infinitesimal thickness, dx. 
A scattering coefficient, S, is similarly defined by equating SIdx to the flux scattered backwards 
from / in the unidirectional beam (and therefore included in J) within a layer of infinitesimal 
thickness, dx. 

Within the distance dx the flux, /, will be not only diminished by absorption and scattering, 
but also augmented by the backscattering from J. Hence we can write 

dl/dx= - (K+S)I+SJ (3) 

dJ/dx= (K+S)J-SI. (4) 

These are the general differential equations first used by Kubelka and Munk [3] as a 
starting point, and subsequently by many other investigators. 



2 Emittance, as used in this paper, is denned as follows: Emittance is a property of a specimen; it is the ratio of its emissive power to that of a 
blackbody radiator at the same temperature and under the same spectral and geometric conditions of viewing. 
Emissive power is the rate of thermal emission expressed as radiant flux per unit surface area. 
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Hamaker's [6] solutions for eqs (3) and (4), considering both absorption and scattering, 
are 

7=Z 1 (l-j8)^+2i(l+jS)e-- (5) 

J=Z 1 (l+/8)«-*+Z a (l-/5)e-- (6) 

where L x and L 2 are constants determined by the boundary conditions, and where 



a=^K(K+2S) (7) 3 

and 

P=JK/(K+2S). (8) 3 

3.1. Equations Applicable to Coatings 

Most coatings, such as paint, porcelain enamel, and ceramic coatings, unlike the materials 
postulated by Kubelka [4] and dealt with by Hamaker [6] and Klein [7], have a disperse medium 
other than air, usually of a glassy nature, in which the scattering particles are distributed. 
Hence specular reflectance at the coating-air and coating-substrate interfaces must be con- 
sidered. This structural difference will give different boundary conditions than were considered 
by previous authors. 

In the systems under consideration, the reflectance at the interfaces will be considered, 
as follows: 

p,=specular reflectance at the coating-air interface For externally incident, completely 
diffuse radiant flux (J e ). 

p s =reflectance of the substrate for completely diffuse radiant flux (Jo) incident upon the 
substrate from the coating. 

p t =specular reflectance of the coating-air interface for completely diffuse radiant flux (Id) 
incident from within the coating. 

Let x be the perpendicular distance from the coating-substrate interface to a point in the 
coating, and D he the thickness of the coating. 

If only the disposition of incident flux be considered, and if radiant energy emitted by the 
specimen be ignored, the boundary conditions for substitution in eqs (5) and (G) are 



I=J oPs at x=0 (9) 

J=Je(l-Pe)+InPi at X = D (10) 

when x=0, e aX =e~ aX =l, hence from eqs (5), (6), and (9) 

i 1 (l-^)+i 2 (l+/3)= Ps [L 1 (l+/3)+£ 2 (l-/3)] ) (11) 
and from eqs (5), (6), and (10), 

Z 1 (l+«^+Z 2 (l-0) e -^=J e (l-p e )+p i [L 1 (l-^)e' D +L 2 (l+«e- D ]. (12) 



3 It may be worth while to mention the physical significance of a and /3. As can be seen in eq (7), a is a type of extinction coefficient. If S=0 t 
a=K; if K=0, <r=0. The combination azis a dimension less optical thickness; all layers having the same o-j; product will produce the same attenu- 
ation in abeam of radiant energy, a is determined by the absolute values of -Sand K. 0, on the oilier hand, is afunction of the relative magni- 
tudes of Sand K. If <S=0,/9=l,and if if=0,/3=0. /Sis shown by Klein [7] to be related to emissivity, E^, and reflectivity, lt m , by the equations 

fl.-j^ and *•-£=£> 

provided there is no specular reflection at the surface. For glossy materials, these relationships are modified by specular reflection at the 
surface. 
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Solving eqs (11) and (12) for L l and L 2 , we get: 

T «7«(l-Pe)[(l+g)-p«(l-fl)] n ox 

^ 1 -[(l+«-p,(l-/3)][(l+^)-p s (l-/3)]^-[(l-i3)-p,(l + /3)][(l-/3)-p s (l+/3)]^-^ ^ 

r ~J e (l-p e )[(l-fi)-p s (l+fi)} , u v 

^ 2 [(l+^)-p,(l-^][(l+^)-p s (l-/5)]^-[(l-/3)-p,(l+«][(l-/3)-p s (l+/3)]6-^ 

The equations can be simplified by making the following substitutions: 

Let 

M=(l+fi)- Ps (l-fi) (15) 

N=(l + fi)- Pi (l-fi) (16) 

0=(l-fi)- Ps (l + fi) (17) 

P=(l-0)-p,(l+0). (18) 

Then eqs (13) and (14) become 

J e (l- Pe )M n , 

1 MNe° D -OPe-° D K } 

7 _ — J e (l-p e )0 r „ ft v 

L2 ~MNe° D -OPe-° D [U) 

The overall specular plus diffuse reflectance, i?, of the specimen is defined as the reflected 
flux divided by the incident flux. The reflected flux will include the fraction of J e that is specu- 
larly reflected at the coating-air interface. That is 

P_ e7 e p e +(1 — pQ7d | (2V) 
Je 

From eqs (5), (19), and (20), 

T _ J g (l-Pe)[(l-j9)M6^-(l+j8) Oe-' D ] {99 , 

1d ~ MNe° D -OPe-° D ' K ] 

p in Vi ^ (l-fiMe'B-q+flOe-* ( . 

M=Pe+(l — pe)(l—pi) MNe° D -OPe-° D ^ ' 



hence 



R in eq (23) is the reflectance of the composite specimen under conditions of completely 
diffuse illumination and hemispherical viewing. The equation has been written in terms of 
the coating parameters fi, a, p e , p t , p s , and the thickness of the coating, D. The values of 
these parameters vary with wavelength. The equation applies only to spectral reflectance, 
Rx, under the given geometric conditions, and spectral values of the coating and coating- 
substrate parameters, fix, ax, p e \, Pi\, and p s x are required. The subscript X indicates that the 
symbol applies to the spectral value at wavelength X. 

When transmittance is zero, as it is in the case of the coated specimens under consideration, 
the emittance is equal to one minus the reflectance, as is indicated by eqs (1) and (2), if consist- 
ent geometric conditions of incident, reflected, and emitted flux are used. R has been defined 
as the spectral reflectance under conditions of diffuse illumination and hemispherical viewing. 
The emittance corresponding to R is E H , the hemispherical spectral emittance. Hence we 
can write 

K H =\-*{ p e +(l- Pe )(l- Pi ) - MNe aD_ 0Pe -„D y (24) 
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It is legitimate also to apply eqs (1) and (2) to evaluate the normal spectral emittance, 
E Ni if, and only if, the geometric conditions of irradiation and viewing under which the external 
reflectance, Pc , is measured are (1) normal incidence and hemispherical viewing or (2) perfectly 
diffuse incidence and normal viewing. 

If we consider that the internal reflectance of the coating plus substrate, neglecting the 
effect of specular reflectance at the coating-air interface, is B u then with diffuse illumination 
and hemispherical viewing 

B=p f +(1- Pi )«i(l-P<). (25) 

Equation (25) is another way of writing eq (24), with P t replacing the fraction containing 
exponential terms. 

_ (l-/3)M^+(l+/3)Oe-^ ( . 

ni MNe° D -OPe~° D K } 

For normal illumination and hemispherical viewing, the equation becomes 

R N =p N +(l-p N )Ri(l- Pi ) (27) 

in which R t is again the internal reflectance, neglecting the effect of specular reflectance at the 
coating-air interface, of the coating plus substrate. If R t is the same for normal and diffuse 
incident flux, 4 we can write 

which is the desired equation. 

Substituting for M, N, 0, and P from eqs (15), (16), (17), and (18), and making use of the 
relationship 

2 sinh x=e x -e~ x (29) 

and 

2 cosh x=e x +e~ x (30) 

eq (28) reduces to 

F =H- ^J^-f^- \ [(l- Ps )-/3 2 (l + Ps )} sinh aD+2 Ps P cosh aD \ 

PN) \ " U Pi) [(l+^ 2 )(l+P,p s )-(l-/3'0(p, + p s )] sinh <rD+2p(l-p iP ,) cosh aP J * 

(3D 

The specular reflectances at the coating-air interface, p e and p u are for diffuse illumination 
and hemispherical viewing. The value to be used for Ps must be determined experimentally, 
because the coating-substrate interface is normally rough, and the reflectance may be affected 
by interaction between coating and substrate at the interface. For an optically smooth inter- 
face, which may be approximated by the coating-air interface for some coatings at some wave- 
lengths, Pe and pi can be computed from the index of refraction of the coating 5 by integration 
of the Fresnel equation over a hemisphere. In its general form, the equation for dielectrics 
can be written 

_ sin 2 fr-fl) tan 2 fc- fl) 

in which Pd is the directional specular reflectance for unpolarized parallel flux, </> is the angle of 
incidence, and 6 is the angle of refraction, both angles measured from the normal to the inter- 
face. The angles and 6 are related to index of refraction, n, by Snell's law. In its most 
general form, this is U\ sin 4>=n 2 sin 6, in which n x is the index of refraction of the medium on the 



4 This condition will be approximated if the Incident flux is completely diffused after traversing a small thickness of the coating. 

5 Most- optically inhomogeneous coatings consist of opacifying particles dispersed in a continuous medium or vehicle. The scattering is due to 
the difference in indices of refraction of the opacifier and vehicle. For glossy coatings, the opacifying particles are not usually exposed at the sur- 
face of the coating, and the effective index of refraction for specular reflection is that of the vehicle. 

221 



side of the interface from which the flux is incident, and n 2 is that on the opposite side of the 
interface. In the case of flux incident from vacuum, rii=l. In the case of air, no serious error 
is introduced by considering ni=l (%= 1.0003, approximately, for air under normal 
conditions). 

The reflectance of an optically smooth surface of index of refraction n, for completely diffuse 
flux incident from vacuum (or air) can be expressed as 

f* /2 . f sin 2 ifp-B) , tan 2 (<p-B)\ , 

Pe=~ 7^71 W 

2 sin (p cos <p dip 

This expression has been integrated by Walsh [8] to give 
1 . (n-l)(3n-l) fn 2 (n 2 -l) 2 \ 1 (n-l) 



Pe = 



n-l) f n 2 (n 2 -iy \ ] (n-l) 
2 ' 6(ti+1) 2 + \ (n 2 +lf J (n+1) 



-2.3 <£+*»- 
(n 2 + 



l)(^-l) + \(« 2 +l)(n 4 -l) 2 / lnn - W 



For completely diffuse flux incident on the interface from within the material of index n, all 
of the radiant energy that is incident at angles greater than the critical angle, <p c , will be totally 

reflected. The critical angle is that at which 6=tt/2, or sin <p c =— The fraction of flux incident 
at angles from sin -1 — to w/2 can be obtained by integration and divided by the total flux to 

give the fraction 1 — — of the incident flux that is totally reflected. Hence only — of the total 

n 2 n L 

flux will be incident at angles at which it is refracted, and a fraction p e of that flux will be inter- 
nally reflected, as indicated in eq (33). Hence we can write 

p ,=l~I+£f or **(1- P| )=(1-P.) (35) 

The expression for p e given in eq (34) is somewhat complex. Judd [10] gives computed 
values of p e and p t for indices of refraction from 1.00 to 1.60 in increments of 0.01. 

The geometric distribution of the emitted flux will be determined by the directional re- 
flectance at the coating-air interface, and can be computed from the refractive index by means 
of the Fresnel equation. For normally incident parallel flux, the Fresnel equation reduces to 

and 

1 -^=(^T)-2 (37) 

where p N is specular reflectance for normally incident flux. 

The normal spectral emittance, E N , of any specimen can be computed from the hemispheri- 
cal spectral emittance by use of the Fresnel equations for reflectance of internally incident 
normal and diffuse flux. This conversion is not affected by the coefficient of scatter of the 
coating. 

4. Discussion 

In the case of paper, layers of powder and unglazed porous ceramic materials, air may be 
considered the continuous phase, and there will be no specular reflection at the interfaces. If, 
in addition, there is no substrate, or if the reflectance of the substrate is zero, the conditions will 
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be identical to I hose postulated by Klein [7]. If zero is substituted for p e , p s , and p t in eq (23), 
it reduces to 

p= (l-/3 2 )sinh aD ( . 

(1+/3 2 ) sinh aD+2$ cosh <rD' K J 

which is identical to Klein's [7] eq (46). 

4.1. Properties of Nonabsorbing # Nonscattering Layers 

It may be of interest to consider how the emittance and reflectance of a coating will vary 
as S and K approach zero. Obviously, if both S and K are zero, the material will have perfect 
transmittance, and both reflectance and absorptance (or emittance) will be zero. This is due 
for a perfect vacuum, and is closely approximated by a gas at those wavelengths at which no 
absorption occurs. 

a. Properties of Nonscattering Layers 

If there is no scattering, S=Q, and eqs (3) and (4) become 

dI/dx=-KI (39) 

and 

dJ/dx=KJ (40) 

hence 

I {x +A X) =I x e- KXr , (41) 

where I x represents the flux density at a level x within the material, and I( X +a x) represents the 
flux density after traversing a thickness Ax of the material. Equation (41) differs from the 1 
familiar Bouguer's law only in that the attenuation of completely diffuse (lux is twice as rapid 
as that of unidirectional flux. 

If the scattering coefficient, S, is zero, which will be approached hv optically homogeneous 
materials, such as optical glass and many single crystals, then a=K and 0=1, hence (24) 
reduces to 

a-a-po U- ^lr'Z V (42) 



However, when S becomes small, the internally reflected flux will not be rediffused, if 
reflected from optically smooth surfaces. Thus (42) is only valid if the coating-substrate 
interface is so rough that perfectly diffuse reflection occurs. For the more general case, where 
this interface approaches optical smoothness, a three-dimensional analysis of the type used by 
Gardon [5] is more nearly valid. 

b. Properties of Nonabsorbing Layers 

If the absorption coefficient, K, is zero, as will be approximated at some wavelengths by a 
freshly smoked layer of magnesium oxide or by freshly fallen snow, both a and /3 become zero, 
and eq (24) becomes indeterminate, which would be expected for an opaque coating of the 
specified materials, but not for a composite specimen. However, under these conditions, eqs 
(3) and (4) become 

dI/dx=-S(J-I) =dJ/dx. (43) 

This equation can be solved by a procedure similar to those used for eqs (3) and (4) to give 

r= J e [Sx(l— p g )(l — p s )+p s (l — p e )] / 44 x 

SD(l- Pi )(l-p s ) + l-p iPs K ** } 

J e [Sz(l- Pe )(l-p 8 ) + (l-p e ) ] ( , 

■ SD(l- Pi )(l-p s ) + l-PiPs ' { } 
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Substituting eq (44) in eq (21) we get 

B=p.+(1-p«)(1-p.) 



SD(1- Ps )+ Ps 



SZ?(1-p,)(1-p.) + (1-p«p.) 



(46) 



If p e , pi, and p s are zero, as they were under the conditions postulated by Klein [7], eq (46) 

reduces to 

on 

R =mm' (47) 

which is identical to Klein's eq (48). 

Under the conditions postulated for the derivation of eq (47), the emittance will approach 
zero and the reflectance will approach one as the coating approaches a thickness at which it is 
completely opaque, which will only occur at infinite thickness. Since K=0, the absorptance 
is zero by definition, and the transmittance is one minus the reflectance. Hence we can write 



1 



~~SD+l' 



(48) 



which is identical to Klein's eq (a7). 



4.2. Example of Computed Emittance 

Figure 1 is a plot of emittance, computed from eq (31), as a function of thickness for com- 
posite specimens with optically smooth surfaces comprised of a coating having an index of 
refraction of 1.40 (from which p c =0.028, p*=0.53), a value of fi of 0.8, and values of a of 40, 
20, 13.3, and 10.0 mm -1 , respectively, applied over a mat substrate having a reflectance into 
the coating of 0.9. (The values of S and K corresponding to a /5 of 0.8 and a of 40, 20, 13.3, 
and 10 mm- 1 are as follows: S=8.0, 4.0, 2.65, and 2.0 mm- 1 and i£=28.44, 14.22, 9.42, and 
7.11 mm -1 , respectively.) These conditions might be approximated at wavelengths in the 
visible by a glossy gray paint applied over a white backing. All of the coating materials have 
the same emissivity (about 0.918), but the coating with a a value of 40 mm" 1 reaches 99 per- 
cent of this value at a thickness of 0.05 mm, while the coating with a a value of 10 mm -1 
requires a thickness of 0.2 mm to reach the same value. 

The plotted emittance at zero thickness of the coating is greater than the emittance 
(0.10) of the substrate because the coating has a lower index of refraction than the substrate, 
and hence reduces reflection at the interface. The plotted value is what would be obtained 
with a very thin, perfectly transparent glossy coating having an index of refraction of 1.40. 



Figure 1. Computed normal spectral emittance, 
plotted as a function of coating thickness, for a 
composite specimen comprised of partially trans- 
mitting coatings with optically smooth surfaces 
having an index of refraction of l.J^O, (3 value of 
0.80, and a values of 40, 20, 13.3, and 10 mm~ l , 
respectively, applied over a substrate having a 
reflectance of 0.90, plotted as a function of coating 
thickness. These conditions would be approxi- 
mated by a glossy gray paint applied over a 
polished metal or white substrate. 

Note that the emittance at zero coating thickness is not thai of 
the substrate. It was assumed that even at zero thickness, there 
would be an effect of the index of refraction of the coating. Actu- 
ally, such effect would be produced by a transparent coating of 
index of refraction of 1.40. The coating having a <r value of 
40 mm-i becomes essentially opaque at about 0.05 mm, and the 
other coatings at successively greater thicknesses. 




.050 .075 0.1 .125 

THICKNESS OF COATING, nm 
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4.3. Limitations to Equations 

There are a number of conditions encountered in practice that deviate from the conditions 
postulated in the derivation of eq (24). There will always be a thermal gradient normal to 
the surface in any situation where a body is heated internally and is dissipating radiant energy, 
and the effect of such a gradient lias been omitted in t he derivation. In the case of thick ceramic 
coatings (typically 0.5 mm or more), significant errors may be introduced by ignoring the effect 
of thermal gradients, especially at high temperatures. The gradients will be negligibly small 
when the specimen and surroundings are at room temperature or below, and the effect of the 
gradients in thin coatings, typically less than 0.1 mm, is considered to be negligibly small even 
at high temperatures. 

During firing of porcelain enamels and some other types of ceramic coatings, on some 
metals, there is appreciable chemical reaction at the coating-metal interface, and some of the 
reaction products diffuse into the coating for measurable distance. The reaction products may 
change the reflectance of the substrate into the coating, and the reaction products diffusing 
into the coating may significantly change its optical properties near the interface. The extent 
and importance of these effects depend upon the particular materials involved, their thick- 
nesses, the firing, and the service conditions. When the total effect of these factors is large, 
appropriate adjustments in the values substituted into the equation are required for its useful 
application. Most types of organic and flame-sprayed ceramic coatings, however, will be 
essentially free from these effects. 

In the case of some paints, there may be segregation of the pigment particles within the 
vehicle during drying, which will also tend to invalidate the equation. For mat coatings, where 4 
the coating-air interface is not optically smooth even on a micro scale, it may be necessary to 
measure p e and p t experimentally, instead of computing them from the index of refraction. 

5. Summary 

The thermal radiation properties of a composite specimen, comprised of a partially trans- 
mitting coating applied over an opaque substrate, usually vary significantly with the thickness 
of the coating. An equation was derived relating these properties to the thickness of the 
coating, the reflectance of the substrate, and the optical properties of the coating material. 
If the optical properties of a coating and the reflectance of the substrate are known as functions 
of wavelength, the equation can be used to compute (1) the normal spectral emittance (or 
reflectance) of any thickness of coating over the substrate or (2) the thickness of the coating 
over the substrate required to give any normal spectral emittance (or reflectance) within any 
given wavelength interval intermediate between the emittance of the substrate and of an in- 
finitely thick coating. 



The author gratefully acknowledges the assistance of Louis Joseph, of the Applied Mathe- 
matics Division, in checking the mathematics, and of Deane B. Judd, of the Optics 
and Metrology Division, for his advice and helpful suggestions. 

6. List of Symbols 

A = absorp t ance . 
T= transmittance. 
R= reflectance. 
E= emittance. 

1= diffuse radiant flux proceeding outward from the interior of a specimen. 
J= diffuse radiant flux proceeding inward toward the interior of a specimen. 
K= absorption coefficient. 
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S=backscattering coefficient. 

x — distance from the coating-substrate interface to a point in the coating. 
Z = a constant that depends upon boundary conditions. 
<r=<y/K(K+2S). 



P=^K/(K+2S). 

p e = reflectance of the coating-air interface for externally-incident diffuse radiant flux. 

p s =reflectance of the substrate for diffuse radiant flux incident on the coating-substrate 

interface from within the coating. 
p z = reflectance of the coating-air interface for internally incident diffuse radiant flux. 
J e = externally incident diffuse radiant flux. 
J = flux Jatx=0 (at coating-substrate interface). 
7 Z) =flux / at x=D (at coating-air interface). 
D= thickness of coating. 
M=(l + j8)-p,(l-|8). ' 
N=(l + P)-pt(l-p). 

0=(1— /»)— p.(l+P). 

P=(l-j8)- P< (l-jS). 

n= index of refraction. 

rii = index of refraction in medium from which flux is incident. 
n 2 = index of refraction in medium into which flux is refracted. 

p= angle of incidence, from the normal. 

6 = angle of refraction, from the normal. 
<p c = critical angle of incidence for total internal reflectance. 
E H = hemispherical spectral emittance. 

Pv =reflectance of the coating-air interface for normally incident parallel flux. 
E N = normal spectral emittance. 
Ri= internal reflectance of a coating. 
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